
Exercises Lectures on Relativity week 5

Connections and Riemann Curvature Tensor

For the following exercises the connection and the Riemann tensor:
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Exercise 1   Riemann Tensor Symmetries

1) Show the following anti-symmetry: R β γ δ
α =−R β δ γ

α .

2) Give the expression of Γλ μ ν. Is there any symmetry between the first two indices?

3) Give the expression of the purely covariant version of the Riemann curvature tensor Rα β γ δ.

To see the symmetries of Rα β γ δ, one can develop all the terms as second derivatives of the metric, and 
products of the first derivatives. The calculations are quite long. But, there is a trick, you can do the 
calculations in the local inertial frame, where it is much simpler (link).  

The following properties are obtained:

▸ Anti-symmetries: Rα β γ δ=−Rβ α γ δ=−Rα β δ γ

▸ Symmetry under interchange of the first two indices with the last two: Rα β γ δ=Rγ δ α β

▸ Cyclic permutation of the three last indices: Rα β γ δ+Rα δβ γ+Rα γ δβ=0

For a rank-4 tensor in four dimensions there are 44=256 components. Here, from the symmetries, only 
20 components are independents (link).

 Exercise 2  Riemann Stereographic Sphere Projection / induced metric:  

1) Give the expression of the connection components Γi
jk.

2) Find the Riemann tensor components R1
212.

3) Determine the Gauss’ curvatures R1 and R2.

Exercise 3  Schwarzschild Metric: ds2=g(r )c2 dt2− dr2

g(r )
−r2 d θ2−r2 sin2 θ d ϕ2   &  g(r )=1−

rS

r

1) Prove the following expressions of the connection components:  Γ 10
0 =g ' /2 g  and  Γ 21

2 =Γ 31
3 =1/r.

Given expressions: Γ 11
1 =−g ' /2 g, Γ 00

1 =g g ' /2, Γ 22
1 =−rg, Γ 33

1 =−rg sin2 θ, Γ 33
2 =−sin θ cos θ, Γ 32

3 =1/ tan θ
, all the others connections are nulls.

2) Show that: R0101=
rS

r3 . 
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https://physicspages.com/pdf/Relativity/Riemann%20tensor%20-%20counting%20independent%20components.pdf
https://physicspages.com/pdf/Relativity/Riemann%20tensor%20-%20symmetries.pdf

